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ABSTRACT 
 
The use of diffusers around of the horizontal-axis wind turbines have been 
widely studied, since the diffuser provides an improvement in the turbine 
power coefficient. These diffusers are often called Diffuser Augmented 
Wind Turbines (DAWT’s). The DAWT’s have the feature to make 
efficiency exceeding the Betz limit (maximum energy flow extracted = 
59.26%), due to the increasing of the internal mass flow by influence of the 
diffuser presence. Thus, the present work proposed a mathematical model 
describing the behavior of the velocity profile internally to a diffuser 
according to the characteristics of flow and geometry of a conical diffuser. 
The model results were compared with experimental data and showed good 
agreement. 
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NOMENCLATURE 
 
a distance from the origin to the input of the 
diffuser, m 
b, radius of the vortex, m 
c distance between the rings of the vortex, m 
d inlet diameter of diffuser, m 
D outlet diameter of diffuser, m 
DAWTs Diffuser Augmented Wind Turbines 
dl
r

 elemental length of the vortex ring, m 

*dur  elemental velocity field induced, m/s 
K circulation, m2/s 
L length of the diffuser 
rr  position vector, m 
r radius of the diffuser, m;  
u velocity, m/s 
u* velocity induced, m/s 
VT tangential velocity, m/s 
V0 undisturbed velocity, m/s 
r,x system coordinates, m 

 
Greek symbols 
 
φ opening angle of the diffuser, rad 
ξ proportionality constant to act as a correction 
factor in the Eqs. 3 and 4. 
 
Subscripts 
 
1 diffuser entry 
2 diffuser exit 
 
INTRODUCTION 
 

The use of diffusers around of the horizontal-
axis wind turbines aims at increasing the mass flow 
through the rotor. This effect provides a considerable 
improvement in the efficiency of the turbine, which 
extracts more energy of the flow, when compared 
with a turbine without diffuser (free flow turbines). A 
diffuser is a device which causes a pressure drop in 
the output region (suction region downstream of the 
diffuser). The pressure drop provides acceleration on 
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the fluid particles within the diffuser, increasing the 
flow velocity near the entrance (Bussell, 1999). 
Oman et al. (1975), Foreman and Gilbert (1979) 
showed that increasing the velocity ratio between the 
plane of the rotor and undisturbed flow velocity can 
be two or more times, resulting in a proportional 
increase in the power coefficient of the turbine, 
exceeding the Betz (1926) limit, which is 59.26% in 
the case of the turbines without diffuser. Hansen et al. 
(2000) conducted a study on turbines with diffusers 
using Computational Fluid Dynamic (CFD), which 
the increasing of the velocity in the rotor plane was 
1.83 for a case in which the geometry of the diffuser 
used was the NACA 0015 profile deformed. The 
main limitation of the horizontal-axis wind turbines 
design with diffusers is not considering a formulation 
to describe satisfactorily the influence of the diffuser 
geometry on the internal velocity profile. Thus, this 
paper analysed a mathematical model which 
describes the velocity profile of the internal conical 
diffuser, using the Biot-Savart law to calculate the 
velocity induced by a vortex ring. The results of the 
model were compared with experimental data. 
 
MATHEMATICAL MODEL 
 

In this paper, it has been described a 
mathematical model for the velocity profile internally 
to a conical diffuser, aiming its use in the efficient 
design of the horizontal-axis wind turbines. 
Therefore, to assess the velocity field in the diffuser, 
the flow was considered to be an overlap between the 
uniform flow and a flow caused by movement 
produced by a vortex ring. Thus, the movement can 
be defined as the amount of rotation of the fluid 
acting on the spreader due to the flow in which is 
immersed. The movement modifies the velocity and 
pressure fields around the diffuser, resulting in a 
resultant force, which is accompanied by a vortex 
ring, which mathematical model is established by the 
Biot-Savart law, resulting in an increased velocity 
within the diffuser. 
 

 * 34
Kdu dl r

rπ
= ×

rr r              (1) 

 
where *dur  is the velocity field induced, dl

r
 is an 

elemental length of the vortex ring, rr  is the position 
vector and K is the circulation (Eq. 1). 

Figure 1 shows two rings vortices using the 
Biot-Savart formulation, in cylindrical coordinates, 
where it is necessary to define the vortex element and 
position vector in relation to the axis of symmetry. 

The mathematical model considers the 
following assumptions: conical diffuser, the suction 
outlet of the diffuser is modeled using a vortex ring; 
the lock due to the presence of the diffuser on the 
flow is modeled considering a vortex ring invert 
steady and unidirectional. Therefore, applying the 

Biot-Savart law and taking only the velocity in the 
direction along the axis of the diffuser, there is the 
velocity induced by vortex rings. 
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(2) 

 
where, as shown in Fig. 1, r2 is the radius of the 
diffuser outlet, r1 is the radius of the diffuser inlet, L 
is the length of the diffuser, a is the distance from the 
origin to the input of the diffuser, c1 e c2 are the 
distances between the rings of the vortex inlet and 
outlet of the diffuser, respectively (Eq. 2). For 
calculation of the circulations K1 e K2, it was 
considered the geometry of the diffuser, the behavior 
of the flow around the diffuser and the structure of 
the vortex formed in the entrance and exit of the 
diffuser as shown in Fig. 2. 
 

 
 
Figure 1. Representation of the geometry model and 

the vortex rings. 
 
 

 
 
Figure 2. Model of the vortices at the inlet and outlet 

of the diffuser. 
 

Thus, for calculating the circulation K2, it was 
released the hypothesis that the radius of the vortex 

2b  shown in Fig. 2 is proportional to the difference 
between the radio at the outlet and the inlet of the 
diffuser 2 1( )r r− . Besides, the tangential velocity TV  
is proportional the product of the undisturbed 
velocity V0 by the cosine of the opening angle φ  of 
the diffuser. Therefore, the circulation K2 is given by: 

 



Ciência/Science    Barbosa, et al. A Proposed Mathematical Model for … 

Engenharia Térmica (Thermal Engineering), Vol. 12 • No. 2 • December 2013 • p. 69-72 71

( )2 2 0 2 1cosK V r rξ φ= −             (3) 
 

where 2ξ  is a proportionality constant and acts as a 
correction factor (Eq. 3). 
 

( ) 1
1 1 0 2 1

2

sin
c

K V r r
L c

ξ φ= −
+

            (4) 

 
To determine the circulation K1, it was used the same 
hypothesis, applied to the input of the diffuser, and 
then K1 is given by Eq. 4. 
 

( ) ( )0 *u x V u x= +              (5) 
 

Van Beveren (2008) showed that the velocity 
profile of the internal diffuser is given by the sum of 
the velocity induced by the ring vortex and 
undisturbed flow velocity (Eq. 5). 

 
EXPERIMENTS 
 

Model validation was performed in an 
experimental study of airflow around a conical 
diffuser, in order to obtain the velocity profile along 
the axial length of the diffuser. Figure 3 illustrates the 
experimental apparatus. The dimensions of the 
diffusers are: inlet diameter of 115 mm, outlet 
diameter of 259 mm and length of 87 mm. These 
dimensions were therefore used in the mathematical 
model proposed in this work. 

 

 
 

 
 

Figure 3. Dimensions of the diffuser and 
experimental apparatus. 

The experiment was conducted in a wind tunnel 
(controlled by frequency inverter) operating at five 
different rotations, 400 rpm, 500 rpm, 600 rpm, 700 
rpm and 800 rpm. The measurements were performed 
with the diffuser positioned externally to the wind 
tunnel, under the action of a flow in a jet of air. This 
configuration was chosen due to cross section of the 
wind tunnel (310 mm x 310 mm) to be insufficient to 
hold the body of the diffuser and avoids wall effects 
on the flow around the diffuser. 
 
RESULTS AND DISCUSSION 
 

The velocity values for each point along the 
longitudinal axis of the diffuser were obtained from a 
sample of 2000 measurements. Figure 4 shows the 
velocity distributions calculated by the Eq. (5) 
compared with values obtained experimentally. The 
velocity ratio from the furthest region from the 
diffuser (non-disturbed flow) to its minimum value 
appears differently from the actual case. From this 
point of minimum to the maximum point, the velocity 
distribution shows very good agreement with 
experimental results, diverging from the point of 
maximum to the region downstream of the diffuser.  
 

 
 

Figure 4. Comparative curve of the theoretical and 
experimental velocity ratios. 

 
Figure 5 shows the behavior of the velocity 

profile in the internal region of the diffuser, where it 
was observed that the results obtained with the 
proposed model is in agreement. The parameters 
considered in the simulation were c1 = 0.06 m, c2 = 0.0 
m, ξ1 = 0.7 and ξ2 =1.1. 
 
CONCLUSIONS 
 

The velocity distribution obtained with the 
proposed model presents a good agreement with 
experimental data. It is noteworthy that the velocity 
profile matches very well with the experimental data 
at the internal region of the diffuser. This agreement 
is important because it is possible to find the best 
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position to install the turbine. 

Experimental data for other configurations of 
conical diffusers are currently being obtained to 
validate and refine the mathematical model proposed. 
It was also observed that the ratio between length and 
diameter of the diffuser inlet (aspect ratio) is closely 
related to the location of a maximum velocity ratio. 
Therefore, the proposed model has limitations, but it 
can be applied to DAWTs project, aiming at an 
improvement in the extraction of energy from the 
wind, resulting in increased efficiency.  

 

 

 

 

 

 

 

 

 

 

 
Figure 5. Velocity distribution internally to the 

diffuser. 
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