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1 Introduction

Recently, it has been studied in [19] the following class of generalized Schrédinger problems

(PA,q)

-div(Ow)Vu) + 19 W)|Vul® = Aju/??u inQ,
u=0 on 0Q,

where Q c RV, N = 3, is a bounded smooth domain, q, A are real parameters and 9 : R — [1, oo) is an even
C!-function verifying:

(91) t+ 9(t) is decreasing in (oo, 0) and increasing in (0, oo);
(9;) t— 9(t)/t* increasing in (—oo, 0) and decreasing in (0, co);
(93) lim,_, e, 9(t)/t? = a?/2, for some a > 0.

By considering the ordinary differential equation

f(s) = and f(0) = 0, (ODE)

_
9(f(s))2/2

whose unique solution is f(s) = Y~1(s), with Y(¢) := fot 9(r)"/2dr, the authors proved that
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Proposition 1.1. The following claims hold:

(i) fis anincreasing C>-diffeomorphism, with f''(s) = —9'(f(s))/29(f (s))?;
(i) 0<f'(s)<1,foralls € R;
(ifi) lims_,o f(s)/s = 1/9(0)"/%;
(iv) |f(s)| = |s|, foralls € R;
(v) Suppose that (91) - (9;) hold. Then, |f(s)|/2 < f'(s)|s| < |[f(s)|, forall s € R, and the map s > |f(s)|/\/\?is
nonincreasing in (-oo, 0) and nondecreasing in (0, o);
(vi) Suppose that (91) — (93) hold. Then,

e /]

a?

where a is given in (93).

Motivated by ideas in [5] and [14], the authors in [19] make use of the following approach: Despite the energy
functional associated to (P, 4) is not well defined in H}(Q), Proposition 1.1 allows them to consider the change
of variable v = f(u) in the semilinear problem (P, ,) in order to obtain the problem

(Phqg)

-Av=Ag(v) inQ,
v=0 on oqQ,

where g(s) := f/(s)|f(s)|?72f(s), which has the advantage of possessing a well defined C!-energy functional
in H(Q), given by

Dg) = 2V -2 / Gv)dx, (1)
0

where [|v||> := [, |Vv|]>drand G(s) = [ g(r)dx = (1/q)|f(s)|%. They also prove that critical points of (1.1) in
C'(Q) are weak solutions of (P, 4)- In this way, by working with (Pj\’ q), among other things, they were able to
prove that:

(a) Ifg=2,1>9(0)A; and (91) - (9,) holds, then (P, ,) has a unique positive solution;
(b) If g = 4, A > (a?/4)A; and (91) - (95) holds, then (P),4) has at least one positive solution.

Having in mind the previous results, the present paper has as its main goal to improve the results in [19]
when one considers the cases g = 2 or g = 4 in problem (P, 4). Indeed, since in these two particular cases we
prove in Lemma 2.1 that g is asymptotically linear at zero and at infinity, respectively, by using genus theory
combined with arguments involving the Nehari manifold, it is possible to show that the number of solutions
increases with A. To be more precise, if dimV;, denotes the dimension of the eigenspace V,, associated toi-th
eigenvalue A; of laplacian operator under homogeneous Dirichlet boundary condition, we prove the following
multiplicity result:

Theorem 1.2. Suppose that (9,1) - (93) hold.

(i) If g = 2 and A > §(0)Am, then problem (P, ;) possesses at least 1+ ity dimV), pairs of nontrivial solutions
u; with I, (f ' (u;)) > 0;

(i) Ifq = 4 and A > (a®/4)Am, then problem (Pp,q) has at least 1 + >, dim V), pairs of nontrivial solutions u;
with I 4(f 7 (uy)) > 0.

By comparing Theorem 1.2 in [19] with Theorem 1.2(i) previously aimed, we can immediately conclude that at
least Z:’;’ , dimV), of solutions provided in Theorem 1.2(i) are sign-changing.

To better understand the relevance of Schrédinger equations in different fields of applied science, we
refer to [1-3, 10-13, 15, 17]. For a brief history about stationary Schridinger equations (generalized or not),
see [5-9, 14, 16, 20-22, 25].
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The paper is organized in a unique section where we study both cases, g = 2 and g = 4.

2 Multiplicity of solutions

Since, by [19], it does not exist any nontrivial solution when A < 0, along of this section we are just considering
positive values of A. Moreover, before proving the main results of this section we need to study the properties
of function g. Such properties play an important role throughout the paper.

Lemma 2.1. Suppose that (91) - (93) hold. Then:

(i) Map s — |g(s)| is decreasing in (oo, 0), increasing in (0, o), lims_,¢ g(s)/s = 1/9(0) and limg| o0 |g(s)| =
V2/a,ifq=2;
(ii) Map s — g(s)/s is decreasing in (-oo, 0), increasing in (0, o), lim;_,o g(s)/s = 0 and limg| o0 g(s)/s =
4la,ifq = 4;
(iii) Maps — (1/2)g(s)s—G(s) is decreasing in (—oo, 0), increasing in (0, oo) andlimg_,, [(1/2)g(s)s - G(s)} =
+oo,if g = 4.

Proof. (i) The monotonicity is a straightforward consequence of Proposition 1.1(ii) and (9,). On the other
hand, by Proposition 1.1(iii)
5(s) 1 fs) _ 1

I = I S s 90

Moreover, by (93)

lim |g(s)] = lim %=Q
Is|—e sl—eo (F(S))/f(5)2)H/2 @

(i) Since f is odd (because 9 is even), it is sufficient to prove this item for s > 0. Observe that

gs) __fs _ &t
Y(t) "~ ()12’

s sI(f(s)1/2

where t := f(s) and Y(¢t) := fot 9(r)"/2dr. 1t follows from (9,) that ¢/9(t)*/? (and consequently 2/ Y(t))
is increasing in (0, o). This proves that g(s)/s is increasing in (0, o). Moreover, by item (iii) and (vi) of
Proposition 1.1, we have

86) _ i S f(s)

= = sy s - °
and , i’
. 86) _ . (f(s) fs) _ (8 V2 _ 4
SIHEOT‘SIHEO(@> XW—<ﬁ> xS =

(iii) The monotonicity follows immediately from (ii). To prove the second part, note that
_r 1/2

= 29 (2 Y(6) - t9() ) .

By (95) we know that £ /49(t)!/2 goes to infinity as t goes to infinity. On the other hand, by (95), 2 Y(£)-t9(t)"/?
is nonnegative and increasing in (0, o). Indeed, by defining h(t) := 2Y(¢) - t9(t)"/2, we have h(0) = 0 and

29(8) - t9'(b)
29(6)1/2

The result follows. O

285 - G(s)

n'(t) = >0,Vt>O0.

From now on {e;} stands for a Hilbertian basis of H, 3(Q) composed by eigenfunctions of the laplacian operator
with homogeneous Dirichlet boundary condition, V), is the eigenspace associated to A;, S and 8, are,
respectively, the unit sphere of H(l)(Q) and the unit sphere of Wy, := @j’ﬁl VA],.



DE GRUYTER A.S.S. Correa Ledo et al., On some classes of generalized Schrédinger equations = 525

2.1 Caseq =2

Proof of Theorem 1.2(i):

By Lemma 2.1(i) and Sobolev embedding

1 V22 1 V2CA
Ra®z 3IVIE- Y38 [ idcs e - LR .
Q

a

Therefore I, , is coercive. Since I , is weakly lower semicontinuous, we conclude that I , is bounded from
below. On the other hand, since

sz 2 (sv)2

Ia(sv) 1 /{G(sv)} 2
==--A vadx,

[v#0]

for all v € d(m). We conclude from Lemma 2.1(i), U'Hospital and Lebesgue Dominated Convergence Theorem

that I (sv) A
. Aaplsv) 1 2
Im = =2~ 2900) / vidx,
Q

forall v € d(m). Since v = Z]‘i(f') vy ej, where d(m) := 1+ i, dimVy,, we get

d(m) d(m) 2
. LaGsv) 1 A 2 [ 2 _1 A Vj
Slg;fg) 52 —5 2'9(0) ZVI /e] dX+ZV]V1/e]eldX —i mz 7] .
j=1 o) J# Q J=
Since v € 8 4¢)>
d(m)

. IA’Z(SV) _ 1 B A 2, 1 B A
I e =2 ]21: oon Y <2\ s <

forall v € 8 ), because A > 9(0)Am. Therefore, there exist ¢, § > 0 such that
I o(sv) = (I 2(sv)/s%)s” < —es?,
forall0 <s < §and v € §4,). Fixing 0 < s« < §, we have

sup I,(w)<O0.
WES*S g(m)

Since I , is coercive, it is standard to prove that it satisfies the (PS). condition. Finally, as I , is an even C 1.
functional, it follows from Theorem 9.1 in [18] (see also [4]) that I, , has at least d(m) pairs of critical points.
O

2.2 Caseq =4
Before we are ready to prove Theorem 1.2(ii), we will make a careful study about some topological and

geometrical aspects involving the Nehari Manifold. Let

N dve HY@\(0}: v - A [ gvax
Q
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be the Nehari manifold associated to I 4, 8 the unit sphere in H}(Q) and

F = {v € H3(Q) : ||v||* < ;"z‘/vzdx}.

Q

Lemma 2.2. If 9 satisfies (91) — (93) and A > (a®/4)A4, the following claims hold:

(i) The set F is open and nonempty;

(i) oF = {v € H)(Q) : |Iv|* = (4A/a®) [, v*dx};
(iii) F¢ = {v € Hy(Q) : |v|* = (4A/a?) [, v*dx};
(iv) Nc3;

v) SNnTF #0.

Proof. (i) Since A > (a?/4)A1, any eigenfunction associated to A; belongs to F. Moreover, F = @~ !(-co, 0)
where @ : Hj(Q) — R is the continuous functional defined by ®(v) = ||v||? - (41/a?) [, v?dx. Items (ii) and
(iii) are immediate.

(iv) If v € N then, by Lemma 2.1(ii), we obtain

VI = A / {@} V2dx < %/vzdx.
v a
[v#0] Q

(v) It is sufficient to choose a normalized (in H3(Q)) eigenfunction associated to A;. O
By previous Lemma, the set 85 := § N ¥ is open in 8. Moreover, 085 = {v € 8 : 1 = (4A/a?) Jo v2dx} and

G={ves8:1= (A a?) Jo v2dx} are nonempty because any normalized eigenfunction associated to A
such that A < (a?/ 4)A;, belongs to 85. Thus, 85 is a noncomplete C L.submanifold of H}(Q).

Lemma 2.3. Suppose that 9 verifies (91) — (93) and let hy : [0, o) — R be defined by hy(s) = I) 4(sv).

(i) Foreach v € 7, there exists a unique sy > 0 such that h}(s) > 0in (0, sy), hy(sy) = 0 and h),(s) < O in
(sv, o0). Moreover, sv € N if, and only if, s = sy;
(ii) Foreachv € F\{0}, hy(s) > 0 forall s € (0, o).

Proof. (i) Observe that h,(0) = 0. Moreover, for each v € F, we have

hV(S)=%HVH2—A/ [G(SV)}vzdx. @.1)

s2 (sv)?

[v#0]

Thus, in view of Lemma 2.1(ii), I'Hospital rule and Lebesgue’s dominated convergence theorem, it follows

that
fim () _ 1 {wn2 —(4A/a2)/v2dx] <0.
Q

S—roo 52 _i

Showing that lims_s.. hy(s) = —eo. Moreover, hy(s) is positive for s small enough. Indeed, reasoning as in the
previous limit, we get

h(s) 1, 5 G(svV)| 2, 1, 0
tim P4 Sp-a [ | & vax- SiviE >0,

[v#0]

Hence, there exists a global maximum point sy > 0 of h, which, by Lemma 2.1(ii), is the unique critical point
of hy.
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(ii) If v € F°\{0}, then ||v||* > (4A/a?) [, v>dx. Thus, by Lemma 2.1(ii), it follows that

hlv(s = [|v]]? /1/ 8sv) 2dx>/1/ [az (S")] v2dx >0, Vs > 0.

sv

[v#0] [v#0]

Consequently, hy(s) > 0 forall s € (0, o).

Lemma 2.4. If 9 verifies (91) — (93), the following claims hold:

(A1) Thereexists T > O suchthatsy > T, forallv € 8;

(A,) Foreach compact set' W C 8 there exists Cy > 0 such that sy < Cyy, forallv ¢ W;

(A3) Themap m : F — N given by m(v) = syv is continuous and m := m 5, Isa homeomorphism between 8+
and N. Moreover, m™1(v) = v/||v||.

Proof. (A1) Suppose that there exists {vn} C 85 with s, := sy, — 0. In this case, we get v € H(Q) with
van — vin H}(Q). It follows from Lemma 2.1(ii) that

1-1 / g(snvn)vadx < (4] a®)Asn / V2dx. (2.2)
0

By passing to the limit as n — oo in the last inequality, we get a contradiction.

(A) Let {va} C W be a sequence such that s := sy, — oo. Since W is compact, up to a subsequence, we
get v € Wsuch that v, — vin H})(Q). Hence, passing to the lower limit as n — oo in

1=vall* 22 / g(Snvn) ViX v, 204X
[v#0]

it follows from Lemma 2.1(ii) that

Iv|?=1> (4A/a2)/v2dx,
Q

showing that v € €. Since v €¢ W C F, we have a contradiction.

(A3) We are going to prove that m is continuous. Let {vy} ¢ F and v € F be such that v, — v in H}(Q).
Since m(sw) = m(w) for all w €  and s > 0, we can assume that {v,} C S¢. Hence,

Sn = SnHVnII2 = }l/g(snvn)vndx, (2.3)

where s, := sy,. By (41) and (4,), it follows that, passing to a subsequence, s, — s > 0. Thence, passing to
the limit as n — oo in (2.3), we have

s=s|v|? = A/g(sv)vdx,

showing that m(vy) = spvn — sv = m(v). The second part of (43) is immediate. O
Lemma 2.5. Suppose that 9 satisfies (91) - (93). Then I, , is bounded from below in N.
Proof. By Lemma 2.1(iii), we get

I 4v) = /1/ Bg(v)v - G(v)} dx =0, Vv eN. (2.4)
0

Therefore I, 4, is bounded from below in N. O
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Now we are going to set the maps ‘f’M :F—>Rand ¥, ,4:85 - R, by
Py 4w = I 4 (M) and ¥y 4 = (P45, -

Previous functions have important properties which will be stated in the next lemma. The proof is a direct
consequence of Lemmas 2.3 and 2.4, see [24].

Lemma 2.6. Suppose that 9 verifies (91) — (93). Then,

® ‘?’,1,4 € CYF,R) and

@//1,4(11)], = %HA@@))W Yu € F and v € Hy(Q).
(i) ¥4 € CH(S5,R)and
¥4 = [m@)| L4 (m@)v, W € TuSg.

(iii) If {un} is a (PS)c sequence for ¥ , then {m(uyn)} is a (PS). sequence for I, 4. If {un} C N is a bounded
(PS)c sequence for I , then {m Y(un)} is a (PS). sequence for Y4

(iv) u is a critical point of ¥} 4 if, and only if, m(u) is a nontrivial critical point of I, ,. Moreover, the
corresponding critical values coincide and

inf W, , =infI; 4.
o A4 =M,

Proposition 2.7. Suppose that (91) — (93) hold. If {vn} C 85 is such that dist(vn, 085) — O, then there exists
v € H}(Q)\{0} such that vn — v in H}(Q), sv, — oo and

¥).4(vn) — oo. (2.5)

Proof. Since {vn} C S5 is bounded, up to a subsequence, there exists v € H3(Q) with v, — vin H}(Q). Since
dist(vn, 085) — 0, there exists {wn} C 085 such that ||vy — wy|| — 0 as n — oo. Thus,

(4A/a2)/v§dx- 1

Q

(4A)a®) | (V2 - w2)dx
/

IN

(4A/a®) |V + Wn|2|Vn — Wnl>
< (8BA/a?A1)||[vn — Wn].

N

Therefore,
(4A/a2)/v3,dx — 1.
0

By using compact embedding from H}(Q) into L?(Q), it follows that

1= (4A/a?) / V2dx. 2.6)
0
Thus v # 0. Suppose by contradiction that, for some subsequence, {sv,} is bounded. In this case, passing
again to a subsequence, there exists sy > 0 (see Lemma 2.4(A)) such that
Sv, — So. .7

It follows from (2.7) and
Sy, = /\/g(svnvn)vndx,
Q
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that
So = A/g(sov)vdx.
Q

Combining last equality and Lemma 2.1(ii), we obtain

1< (4A/a?) | vidx.
/

But this contradicts (2.6). Showing that s,, — oo. Finally, from s,, — oo, Lemma 2.1(iii) and Fatou Lemma,
we get

liminf ¥ 4(vn) = Alim inf/ Fg(svnvn)svn Vn — G(Sy,vn)| dx = oo.
n—soo ’ n—soo 2
0

Proposition 2.8. Suppose that (91) - (93) hold and A > (a?/4)A,. Then V) 4 satisfies the (PS). condition.

Proof. By Lemmas 2.4(A3) and 2.6(iii), it is sufficient to show that I, , satisfies the (PS). condition. For this,
let {wn} C N be a (PS). sequence for I, ,. We are going to prove that {wy} is bounded in H3(Q). Indeed,
otherwise, up to a subsequence, we have ||wp| — oo. Define vn := wn/||wn| = m Y(wn) € S4. Thus {vn}is
bounded in H}(Q) and

WY.4(vn) — c. (2.8)

Consequently, there exists v € H(l)(Q) such that
van — vin H}(Q). 29)
Suppose by contradiction that v = 0. Since {¥ 4(vx)} is bounded, it follows that there exists C > 0 such
that

1
C> Wy 4(vn) = Iy 4(sv,vn) 2 1) 4(svn) = | S -2 /

2
[vn#0]

G(sv
(s(vn)nz) vidx| s%, Vs> 0. (2.10)

By Lemma 2.1(ii), U'Hospital rule and compact embedding, passing to the limit as n — oo in (2.10), we get
C=(1/2)s*, Vs >0,

a clear contradiction. Thereby, we conclude that v # 0.
Since {wn} C Nis a (PS). sequence for functional I, ,, we get

on(1) + /anVde = A/g(wn)wdx, Yw e Hy(Q).
Q o)

Dividing last equality by ||wx||, we have

(HWnHVn)
on(1)+ [ VvaVwdx=A [gi] vawdx.

[wnl[vn
[va#0]

Passing to the limit as n — oo, it follows from Lemma 2.1(ii) that

/Vvadx = (4A/a2)/vwdx, Yw e Hy(Q). (2.11)
Q 0

Now we are going to consider two cases:

(D) If (4r/a?) + A;, whatever j > 1, it follows from (2.11) that v = 0. But this is a contradiction. Therefore
{wn} is bounded in H}(Q).
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@) If (4A]a?) = A;, for some j > 1, then (2.11) implies that v is an eigenfunction associated to A;. From
(2.12), it follows also that ||v||* = (44/a?) [, v*dx, i.e., v € 0F. On the other hand,

(4A/a2)/v2dx = ||v||? < liminf ||jva|? = 1.
n—oo
Q

Suppose that
Jv]|* = (4/1/a2)/v2dx <1. (2.12)
Q

In this case, since
[wal| = [|Sv, Vall = Sv,, (2.13)

passing to the limitas n — oo in

1 G([wnllv
¥).4(vn) = [wnl? 74/{$ﬁ%§%mx
0

and using Lemma 2.1(ii), L'Hospital rule and (2.12), we conclude that ¥, 4(vn) — oo, a contradiction with
(2.8). Consequently,

Mfﬂmmﬁ/%m=L (2.14)
Q

showing that v = e; and
[vall = [lv]. (2.15)

By using (2.9) and (2.15), we derive v, — v in H3(Q) with v € 985 (see (2.14)). Invoking Proposition 2.7, we
conclude that
WA’4(Vn) —r 00, (2.16)

Since (2.16) cannot occurs, we conclude that {v,} is bounded.

Hence, there exists v € H}(Q) such that v, — v in H}(Q) up to a subsequence. Since v, — v, to finish
the proof we just have to prove that ||va|| — ||v||. To this end, it is sufficient to note that since {v,} is a (PS).
sequence, we have

on(1) + / VvaVvdx = A/ g(vn)vdx.
Q Q
Passing to the limit as n — oo in the previous equality, we get

Iv[I> =2 [ gv)vdx. .17)
/

Then (2.17) and Lebesgue’s convergence theorem imply that

anHz =A [ glvn)vadx = A | gv)vdx + on(1) = ||v\|2 +on(1).
[

O

The main result of this section will be proved through Krasnoselski’s genus theory. For this, we start defining
some preliminaries notations:
yji={Be&:BC8sandy(B)=j},

where
& = {B c H}(2)\{0} : Bis closed and B = -B}
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andy : € — Z U {ec} is the Krasnoselski’s genus function, which is defined by

n :=min{m € N : there exists an odd map ¢ € C(B, R"™\{0})},
y(B) = { oo, if there exists no map ¢ € C(B, R™\{0}), (2.18)
0,if B = 0.
It is important to note that, since S5 = -85, y; is well defined.
Below we state some standard properties of the genus which can be found, for instance, in [18].

Lemma 2.9. Let B and C be sets in €.

() Ifx #0, theny({x} U{-x}) =1;
(ii) If there exists an odd map ¢ € C(B, C), then y(B) < y(C). In particular, if B C C then y(B) < y(C).
(iii) If there exists an odd homeomorphism ¢ : B — C, then y(B) = y(C). In particular, if B is homeomorphic to
the unit sphere in R", then y(B) = n.
(iv) If Bis a compact set, then there exists a neighborhood K € & of B such that y(B) = y(K).
) Ify(C) < oo, then y(B\C) = y(B) - y(C).
(vi) Ify(A) = 2, then A has infinitely many points.

Remember that, we have denoted by d(m) the sum of the dimensions of all eigenspaces V), associated to
eigenvalues A;, where 1 < j < m.

Lemma 2.10. Suppose that (9;) - (95) hold and A > (a?/4)Am. Then,

(@) Yaem # 0;

(i) y1Dy2 D .o D Vamy
(iii) If p € C(85, 85) and is odd, then ¢(y;) C y;, forall 1 < j < d(m);
(iv) If Be yjand C € € withy(C) < s < j < d(m), then B\C € y;_s.

Proof. (i) Let S 4, be the unit sphere of V1 & Vo @ ... ® V. Since A > (a®/4)Am, it is clear that Sdam) C 85
Moreover, by Lemma 2.9(iii), we have y(S 4,)) = d(m). Showing that S ) € ¥ g(m- (ii) It is immediate. (iii) It
follows directly from Lemma 2.9(ii). (iv) It is a consequence of Lemma 2.9(v). O

Now, for each 1 < j < d(m), we define the following minimax levels

cj = inf sup ¥ 4(u). (2.19)
Beyj ueB

Lemma 2.11. Suppose (91) — (93) hold. Then,

O<crscrs...25C4m) < oo

Proof. First inequality follows from Lemma 2.5. On the other hand, the monotonicity of the levels ¢; is a
consequence of Lemma 2.10(i1). O

Next proposition is crucial to ensure the existence of multiple solutions.

Proposition 2.12. Suppose that 9 satisfies (91) — (93) and A > (a?/4)Am. Ifcij=...=cCjp = j+p<dim),
theny(Kc) = p + 1, where K¢ := {v € 85 : ¥ 4,(v) = ¢ and lI’/’U‘(v) =0}.

Proof. Suppose that y(K¢) < p. By Proposition 2.8 and Lemma 2.11, K. is a compact set. Thus, by Lemma
2.9(iv), there exists a compact neighborhood K (in H3(Q)) of K. such that y(K) < p. Defining M := KN 85, we
derive from Lemma 2.9(ii) that y(M) < p. Despite the noncompleteness of S + we can still use Theorem 3.11 in
[23] (see also Remark 3.12 in [23]) to ensure the existence of an odd homeomorphisms family 5(., £) of S5 such
that, for each u € S, the map

t — ¥y 4(n(u, ) is non-increasing. (2.20)
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Observe that, although 8+ is non-complete, from Proposition 2.7 and (2.20), for all u € 85, maps t — n(u, t)
are well defined in t € [0, o). Consequently, it makes sense the third claim of Theorem 3.11 in [23], namely,

N((Yr,a)cre\M, 1) C (Ph,4)c-e- (2.21)

Let us choose B € yj,, such that supg ¥y 4 < ¢ + €. From Lemma 2.10(iv), B\M € y;. It follows again from
Lemma 2.10(iii) that n(B\M, 1) € y;. Therefore, from (2.21) and the definition of c, we have

c< sup Y,,sc-g,
n(B\M,1)

that is a contradiction. Then y(Kc) = p + 1. O
We are now ready to prove the following multiplicity result:
Proof of Theorem 1.2(ii):

Note that 0 < ¢; < oo are critical levels of ¥, ,. In fact, suppose by contradiction that c; is regular
for some j. Invoking Theorem 3.11 in [23], with § = ¢j, € = 1, N = 0, there exist ¢ > 0 and a family
of odd homeomorphisms 7(., t) satisfying the properties of referred theorem. Choosing B € y; such that
supp Y < ¢; + € and arguing as in the proof of Proposition 2.12 we get a contradiction.

Finally, if the levels cj, 1 < j < d(m), are different from each other, by Proposition 2.6(iv) the result is
proved. On the other hand, if ¢; = ¢j,; = c for some 1 < j < d(m), it follows from Proposition 2.12 that
y(K¢) = 2. Combining last inequality with Lemma 2.9(vi) and Proposition 2.6(iv), we conclude that (P, 4) has
infinitely many pairs of nontrivial solutions. [J
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